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Abstract
In this paper, we use operational rules associated with three operators corresponding to a generalized Her-
mite polynomials introduced by Szegö to derive, as far as we know, new proofs of some known properties
as well as new expansions formulae related to these polynomials.
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1. Introduction
A sequence of polynomials {Pn}n0, with coefficients in C, is called polynomial set if
degPn = n for all n = 0,1, . . . .
For a given polynomial set {Pn}n0, we define three operators, not depending on n, by
λPn = nPn−1, ρPn = Pn+1 and τBn = Pn, n = 0,1, . . . , (1.1)
where P−1 = 0 and {Bn}n0 verifies
λBn = nBn−1, B0(0) = 1 and Bn(0) = 0, n = 1,2, . . . . (1.2)
λ, ρ and τ are called respectively the lowering, the raising and the transfer operators associated
to the polynomial set {Pn}n0 while {Bn}n0 is called basic sequence associated to λ.
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λρ − ρλ = 1 and τλ = λτ.
The lowering and the raising operators play the role analogous to that of derivative and multi-
plicative operators on monomials. The operational rules associated to these two operators are
known as quasi-monomiality principle. The polynomial set {Pn}n0 is called quasi-monomial
under the action of λ and ρ.
The monomiality principle was introduced by Dattoli et al. [18] in order to derive properties
of special polynomials starting from the corresponding ones of monomials. The associated op-
erational rules were used to explore new classes of isospectral problems leading to nontrivial
generalizations of special functions [15,16].
Ben Cheikh [2] proved that every polynomial set can be viewed as quasi-monomial and [1]
that any operator acting on analytic functions and reducing the degree of polynomials by exactly
one has a sequence of basic polynomials. Furthermore, for a given polynomial set there exists
a unique power series A(t) = ∑∞n=0 antn, a0 = 0, such that τ = A(λ), where τ is the transfer
operator corresponding to the considered polynomial set. This last is then called a λ-Appell
polynomial set of transfer power series A.
The operational rules associated to lowering, transfer and raising operators were used to study
many problems arising in the theory of polynomials. Most of the properties of polynomial sets
can be deduced by using operational rules with these operators. The main properties considered
are related to generating functions, differential equations, Rodrigues formula and orthogonality.
Sufficient condition, in terms of the lowering and raising operators, to ensure the orthogonality
of any polynomial set, was given in [30]. The linear functional for which the orthogonality holds
was also stated by means of the lowering operator and the transfer power series. These results
were applied to recover the orthogonality of the ordinary Sheffer orthogonal polynomials.
In many works, new and known results related to Hermite polynomials, Laguerre polynomi-
als [17], Laguerre–Konhauser polynomials [8], Legendre polynomials [19], Appell polynomi-
als [22], Gould–Hopper polynomials [23], Boas–Buck polynomials [5], Sheffer polynomials [3]
and d-orthogonal polynomials [7] were derived by using the monomiality principle.
In this paper, we consider the generalized Hermite polynomials generated by [26]
e−t2eμ(2xt) =
∞∑
n=0
Hμn (x)
tn
n! , μ ∈ C, μ = −
1
2
,−3
2
,−5
2
, . . . , (1.3)
where
eμ(x) =
∞∑
n=0
xn
γμ(n)
,
with
γμ(2m + ) = 22m+m!
(
μ +  + 1
2
)
m
,  = 1,2, (1.4)
where (a)n = (a+n)(a) .
This polynomial set was introduced by Szegö [32] as a set of real polynomials orthogonal with
respect to the weight |x|2μe−x2 , μ > − 12 , then investigated by Chihara in his PhD thesis [13]
and further studied by Rosenblum in [26] in connection with a Bose-like oscillator calculus. This
family reduces to the ordinary Hermite polynomial set when μ = 0.
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known in the special functions theory. For instance, some characterization problems related to
this polynomial set were given in [6,20].
The purpose of this work is, starting from the generating function (1.3), to give the lower-
ing, the transfer and the raising operators associated with the generalized Hermite polynomials.
Then we show how to derive some corresponding properties using operational rules related to
these operators. The method we propose allows us to obtain other proofs of some well-known
properties of these polynomials as well as some expansions formulae.
The paper is organized as follows: In Section 2, following the prescription of the monomiality
point of view, we derive some properties of the generalized Hermite polynomials, a recurrence re-
lation from which we deduce the orthogonality, the functional vector for which the orthogonality
holds and a differential equation satisfied by these polynomials. In Section 3, using a technique
based on lowering and transfer operators, we give some expansion formulae for Brenke poly-
nomial sets. We use the resulting formulae to derive duplication, connection and linearization
coefficients associated to generalized Hermite polynomials as well as a convolution type for-
mula which generalizes an old formula for ordinary Hermite polynomials due to Runge [27].
The expansion formulae derived in this section appear to be new.
2. Properties of generalized Hermite polynomials
2.1. Operators associated to generalized Hermite polynomials
A useful tool, based on a suitable generating function of the considered polynomial set to
derive the three aforementioned operators, is given by
Proposition 2.1. [1,2] Let {Pn}n0 be a polynomial set generated by
G(x, t) = A(t)G0(x, t) =
∞∑
n=0
Pn(x)
n! t
n, with G0(0, t) = 1.
Then λ, ρ and τ are characterized by⎧⎪⎨⎪⎩
λG0(x, t) = t G0(x, t), λ := λx,
ρG(x, t) = ∂G
∂t
(x, t), ρ := ρx,
τ = A(λ).
(2.1)
As application, we consider the so-called Brenke polynomials which will be largely exploited
in this work.
Proposition 2.2. The Brenke polynomial set {Pn}n0 generated by [14]
A(t)B(xt) =
∞∑
n=0
Pn(x)
n! t
n, (2.2)
where A(t) =∑∞k=0 aktk and B(t) =∑∞k=0 bktk such that a0bk = 0 ∀k, is quasi-monomial under
the action of
λ = Db and ρ = A′(Db)Â(Db) + xDD−1, (2.3)b
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A(t)
and Db is given by
Db(1) = 0, Db
(
xn
)= bn−1
bn
xn−1 and D−1b
(
xn
)= bn
bn−1
xn+1, n = 1,2, . . . . (2.4)
The transfer power series associated to {Pn}n0 is b0A.
According to (1.3), the generalized Hermite polynomial set can be viewed as a Brenke set
with A(t) = e−t2 and B(x) = eμ(2x). Hence, by virtue of (2.3), {Hμn }n0 is quasi-monomial
under the action of
λ = Dμ
2
and ρ = −Dμ + 2xDD−1μ , (2.5)
where
Dμ
(
xn
)= γμ(n)
γμ(n − 1)x
n−1 = (n + μθn)xn−1, θn = 1 + (−1)n+1. (2.6)
Then the generalized Hermite polynomials is a ( 12Dμ)-Appell polynomial set of transfer power
series A(t) = e−t2 . The sequence of basic polynomials for Dμ is {Bn(x) = n!γμ(n)xn}n0. This
means that
e−
D2μ
4
(
xn
)= γμ(n)
2nn! H
μ
n (x). (2.7)
Dμ is the well-known Dunkl operator associated with the parameter μ on the real line [26]. In
fact, for a given analytic function f (x) =∑∞n=0 ρnxn, we have
Dμ(f )(x) =
∞∑
n=1
(n + μθn)ρnxn−1 =
∞∑
n=1
nρnx
n−1 + 2μ
∞∑
n=0
ρ2n+1x2n
= Df (x) + μ
x
(
f (x) − f (−x)). (2.8)
The differential-difference operatorDμ, recovered in (2.8), is a special case of operators set down
by Dunkl in his work on root systems associated with finite reflection groups [21].
2.2. Recurrence relation and orthogonality
In this section, we give a new proof of the three term recurrence relation satisfied by the
generalized Hermite polynomials and then we recover the orthogonality and the linear functional
for which the orthogonality holds. First, we recall the following.
We denote by P the vector space of polynomials with coefficients in C and by P ′ its al-
gebraic dual. 〈L , f 〉 designates the effect of the linear functional L ∈ P ′ on the polynomial
f ∈P .
A polynomial sequence {Pn}n0 is called orthogonal polynomial set with respect to the func-
tional L if it satisfies the following condition
〈L ,PmPn〉 = cnδn,m, cn = 0, n,m ∈ N. (2.9)
The so-called Favard Theorem asserts that the orthogonality may be deduced from the fact that
the sequence {Pn}n0 satisfies a three term recurrence relation with regularity conditions [14].
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derived directly from the expression of the associated raising operator given by (2.5).
Hμn+1(x) = ρ
(Hμn )(x) = −DμHμn (x) + 2xDD−1μ Hμn (x)
= −2nHμn−1(x) +
1
n + 1xDH
μ
n+1(x)
= −2nHμn−1(x) +
1
n + 1
(
xDμHμn+1(x) − μHμn+1(x) + μHμn+1(−x)
)
= −2nHμn−1(x) + 2xHμn (x) −
μθn+1
n + 1 H
μ
n+1(x).
Then, we obtain
2xHμn =
(
1 + μθn+1
n + 1
)
Hμn+1 + 2nHμn−1. (2.10)
It follows, from the Favard Theorem, that {Hμn }n0 is an orthogonal polynomial set.
When {Pn}n0 is a λ-Appell polynomial set of transfer power series A, an explicit expression
of its dual sequence was given by means of its corresponding lowering and transfer operators.
Recall first, that the dual sequence {Pn}n0 associated to a given polynomial set {Pn}n0 is
defined by
〈Pn,Pm〉 = δnm, n,m 0. (2.11)
The action of this dual sequence on any polynomial is given by [1]
〈Pn, f 〉 = 1
n!
[
λnÂ(λ)(f )(x)
]
x=0, n = 0,1, . . . , f ∈P. (2.12)
Moreover, if {Pn}n0 is a λ-Appell orthogonal polynomial set of transfer power series A, then
the linear functional L , for which we have the orthogonality, is given by L = P0: The first
vector of the dual sequence defined by (2.11). It follows from (2.12) that
〈L , f 〉 = Â(λ)(f )(x)|x=0 (f ∈P). (2.13)
In the following proposition we give, by means of the transfer power series, an explicit expression
of the moments associated to any orthogonal Brenke polynomial set.
Proposition 2.3. Let {Pn}n0 be an orthogonal polynomial set of Brenke type generated by (2.2).
Then the moments associated to the functional L , for which the orthogonality holds, are given
by 〈
L , xn
〉= aˆn
bn
, where Â(t) = 1
A(t)
=
∞∑
k=0
aˆkt
k and B(t) =
∞∑
k=0
bkt
k. (2.14)
Proof. {Pn}n0 is Db-Appell of transfer power series b0A(t). It follows from (2.13) that〈
L , xn
〉= 1
b0
Â(Db)
(
xn
)∣∣
x=0 =
1
b0
∞∑
k=0
aˆkD
k
bx
n
∣∣
x=0
= 1
b0
∑
aˆk
bn−k
bn
xn−k
∣∣
x=0 =
aˆn
bn
. kn
16 H. Chaggara / J. Math. Anal. Appl. 332 (2007) 11–21Applying Proposition 2.3 to generalized Hermite polynomials with A(t) = e−t2 and B(t) =
eμ(2t) and according to (1.4), we obtain〈
L , xn
〉= { γμ(2p)p!γμ(0)22p = (μ + 12 )p if n = 2p,
0 if n = 2p + 1,
(2.15)
which can be written as [26]
〈
L , xn
〉= 1
(μ + 12 )
+∞∫
−∞
xne−x2 |x|2μ dx.
2.3. Differential equation
In this section, we derive, by means of the lowering and the raising operators, a new proof of
the second order differential equation satisfied by the generalized Hermite polynomials. We have
Proposition 2.4. The following relation holds
2xnHμn = 2
(
x2 − μ)DHμn − xD2Hμn + μθnx Hμn . (2.16)
Proof. As any polynomial set {Pn}n0 is quasi-monomial, it follows that Pn is an eigenfunction
of the operator ρλ associated to the eigenvalues n. That is to say:
ρλPn = nPn, (2.17)
which can be viewed, if λ and ρ have a differential realization, as a differential equation satisfied
by the considered polynomial set.
Using this fact for the generalized Hermite polynomials {Hμn }n0, we obtain
nHμn = ρλHμn =
1
2
(−Dμ + 2xDD−1μ )DμHμn = xDHμn − 12D2μHμn .
Multiplying by 2x and using the trivial following relation, which can be easily derived from (2.8)
xD2μ = xD2 + (2μ + 1)D −Dμ,
we obtain
2xnHμn = 2x2DHμn − xD2μHμn = 2x2DHμn − xD2Hμn − 2μDHμn − (D −Dμ)Hμn ,
which, by virtue of the relation (D −Dμ)Hn = −μx θnHn, gives (2.16). 
Notice that Eqs. (2.10) and (2.16) were already given, respectively, in [26] and [32].
For μ = 0, these relations reduce, respectively, to the well-known pure recurrence relation and
second-order differential equation satisfied by the ordinary Hermite polynomials.
3. Connection and linearization coefficients
In this section, we deal with some expansion formulae associated to generalized Hermite
polynomials. In particular, we solve the corresponding connection and linearization problems
which are defined as follows:
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them asks to find the coefficients Cm(n) in the expression:
Sn(x) =
n∑
m=0
Cm(n)Pm(x), (3.1)
which, for Sn(x) = xn is known as the inversion problem for the polynomial set {Pn}n0, and for
Sn(x) = Pn(a ·x), a being a nonzero complex number, is reduced to duplication or multiplication
problem associated with the polynomial set {Pn}n0.
When Si+j (x) = Qi(x)Rj (x) in (3.1), {Qn}n and {Rn}n being two polynomial sets, we are
faced to the general linearization problem
Qi(x)Rj (x) =
i+j∑
k=0
Lij (k)Pk(x). (3.2)
Particular case of this problem is the standard linearization problem or Clebsch–Gordan-type
problem if Qn = Rn = Pn.
The computation of the connection and linearization coefficients plays an important role in
many situations of pure and applied mathematics and also in physical and quantum chemical
applications [28,29]. The literature on this topic is extremely vast and a wide variety of methods,
based on specific properties of the involved polynomials, have been devised for computing the
linearization coefficients Lij (k) either in closed form or by means of recursive relations.
A general method, based on lowering and transfer operators, generating functions and a simple
manipulation of formal power series, was developed to solve connection [4,5], duplication [12]
and linearization [3,11] problems. This approach does not need particular properties of the poly-
nomials involved in the problems. In fact, according to (2.12), we have for every polynomial
f ∈P of degree n the generalized expansion
f (x) =
n∑
k=0
[
λkÂ(λ)(f )(0)
]Pk(x)
k! . (3.3)
Then we derive a simple and general formula to compute Cm(n) and Lij (k) which consists in
putting, respectively, in (3.3) f = Sn, and f = QiRj .
Next, we apply such a technique to solve inversion, connection, duplication and linearization
problems for generalized Hermite polynomials.
We begin by recalling a result giving the connection coefficients between two λ-Appell poly-
nomials.
Lemma 3.1. [4, Corollary 3.4] Let {Pn}n0 and {Qn}n0 be two λ-Appell polynomial sets of
transfer power series, respectively, A1 and A2. Then
Qn(x) =
n∑
m=0
n!
m!αn−mPm(x), where
A2(t)
A1(t)
=
∞∑
k=0
αkt
k. (3.4)
Since {Hμn }n0 and {Bn(x) = 2nn!γμ(n)xn}n0 are two ( 12Dμ)-Appell of transfer power series,
respectively, e−t2 and 1, we obtain the following explicit, inversion and connection formulae
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n! =
[ n2 ]∑
m=0
(−1)m(2x)n−2m
m!γμ(n − 2m) , (3.5)
(2x)n
γμ(n)
=
[ n2 ]∑
m=0
Hμn−2m(x)
m!(n − 2m)! , (3.6)
and, by composition,
Hμ2n (x)
n! =
[ n2 ]∑
m=0
(
m∑
p=0
(−1)m−p
(m − p)!p!
γμ1(n − 2m + 2p)
γμ2(n − 2m + 2p)
)
Hμ1n−2m(x)
(n − 2m)! . (3.7)
On the other hand, {Hμn }n0 possess the generalized addition formula
T μy Hμn (x) =
n∑
k=0
2n−kn!
γμ(n − k)k!y
n−kHμk (x), (3.8)
and the relation of convolution type
e−
D2μ
4 T μy Hμn (x) =
n∑
k=0
(
n
k
)
Hμn−k(y)Hμk (x), (3.9)
where T μy := eμ(yDμ), T μy is, in fact, a generalized translation operator which is reduced to the
ordinary one when μ = 0.
The obtained formulae can be used to recover some known expansion associated to Hermite
and Laguerre polynomials. For instance, according to (1.4) and the explicit formula (3.5), we
obtain
H
μ
2n+(x) =
(−1)n(2n + )!
(μ + 12 )n+
xL
μ− 12 +
n
(
x2
)
,  = 0,1, (3.10)
where Lαn designates the Laguerre polynomial defined by [24]
Lαn(x) =
(α + 1)n
n! 1F1
( −n
α + 1 , x
)
, (3.11)
where pFq denotes the hypergeometric function with p numerator and q denominator parame-
ters.
Combining (3.10) with (3.11) and using (1.4), we get
L
β
n(x)
(β + 1)n =
n∑
m=0
(
m∑
k=0
(−1)k
k!(m − k)!
(α + 1)n−m+k
(β + 1)n−m+k
)
Lαn−m(x)
(α + 1)n−m , (3.12)
which, in view of the useful identities
(−1)m
(n − m)! =
(−n)m
n! and (δ)n−m =
(−1)m(δ)n
(1 − δ − n)m , 0m n, (3.13)
and the Chu–Vandermonde reduction formula [31],
2F1
(−k, b
c
;1
)
= (c − b)k , c = 0,−1,−2, . . . , (3.14)
(c)k
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Lβn(x) =
n∑
k=0
(β − α)k
k! L
α
n−k(x). (3.15)
Corollary 3.2. The Brenke polynomials {Pn}n0, generated by (2.2) possess a multiplication
formula of the form
Pn(ax) =
n∑
m=0
(
n
m
)
amβn−m(a)Pm(x), where
A(t)
A(at)
=
∞∑
k=0
βk(a)
k! t
k. (3.16)
As an immediate consequence of (3.16) we obtain the duplication formula
Hμn (ax)
n! =
[ n2 ]∑
m=0
an(1 − a−2)m
m!
Hμn−2m(x)
(n − 2m)! . (3.17)
Using (2.7) and (3.17), we obtain the operational rule
e−
D2μ
4 Hμn (x) = 2
n
2Hμn
(
x√
2
)
(3.18)
which, in view of (3.9), gives the convolution-type expression
2
n
2 T μy Hμn
(
x√
2
)
=
n∑
k=0
(
n
k
)
Hμn−k(y)Hμk (x). (3.19)
That reduces, for μ = 0, to the known Runge formula [27]
2
n
2 Hn
(
x + y√
2
)
=
n∑
k=0
(
n
k
)
Hn−k(y)Hk(x).
The following result, which gives an explicit expression of the linearization coefficients as-
sociated to three Brenke polynomial sets, is a generalization of products formulae associated to
Appell and q-Appell polynomials obtained by Carlitz in [10].
Corollary 3.3. Let {Pn}n0, {Qn}n0 and {Rn}n0 be three Brenke polynomial sets generated,
respectively, by
A1(t)B1(xt), A2(t)B2(xt) and A3(t)B3(xt), (3.20)
where
Ap(t) =
∞∑
k=0
a
(p)
k t
k and Bp(t) =
∞∑
k=0
b
(p)
k t
k, a
(p)
0 b
(p)
k = 0, p = 1,2,3. (3.21)
Then the linearization coefficients in (3.2) are given by
Lij (k) = i!j !
k!
i∑
r=0
j∑
s=0
b
(2)
r b
(3)
s
b
(1)
r+s
a
(2)
i−ra
(3)
j−s aˆ
(1)
r+s−k, k = 0,1, . . . , i + j, (3.22)
where Â1(t) = 1 =∑∞k=0 aˆ(1)tk.A1(t) k
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ized Hermite polynomials.
Taking into account the orthogonality and the symmetry of this family (Hμn (−x) =
(−1)nHμn (x)), the linearization formula (3.2) can be reduced to
Hμ3i (x)Hμ2j (x) =
min(i,j)∑
k=0
Lij (i + j − 2k)Hμ1i+j−2k(x).
By virtue of (3.22) we obtain the coefficients explicitly
Lij (i + j − 2k) = i!j !
(i + j − 2k)!k!
[ i2 ]∑
r=0
[ j2 ]∑
s=0
γμ1(i + j − 2(r + s))
γμ2(i − 2r)γμ3(j − 2s)
(−k)r+s
r!s! . (3.23)
Note that, the linearization problem associated to generalized Hermite polynomials was already
studied by recurrent approaches. Starting from the fact that this polynomial set is semi-classical,
it was shown in [25] that the linearization coefficients Lij (k) satisfy a linear recurrence relation
involving only the k index. The coefficients of this recurrence relation are very complicated and
can only be obtained using a symbolic manipulation package like Mathematica, the obtained
coefficients filled many pages [25].
Applying formula (3.23) to Laguerre polynomial sets, we obtain, in view of (1.4) and (3.10),
L
β
i (x)L
γ
j (x) =
(
i + j
j
)min(i,j)∑
k=0
F 1:22:0
(−k : −β − i,−i;−γ − j,−j ;
−α − i − j,−i − j : −;−; 1,1
)
× (−1)k (−α − i − j)k
k! L
α
i+j−k(x), (3.24)
where Fp:rq:s designates the Kampé de Fériet function defined as follows [31]:
F
p:r
q:s
(
(ap) : (br ); (cr );
(αq) : (βs); (γs); x, y
)
=
∞∑
n,m=0
[ap]n+m[br ]n[cr ]m
[αq ]n+m[βs]n[γs]m
xn
n!
ym
m! , (3.25)
where [ap]n =∏pj=1(aj )n . . . .
We remark that there is no difficulty in proving the corresponding formula for the linearization
of an arbitrary number of generalized Hermite polynomials.
Hμ1i1 (x)H
μ2
i2
(x) · · ·Hμpip (x)
=
∑
2ki1+···+ip
i1!i2! · · · ip!
(i1 + i2 + · · · + ip − 2k)!
∑
2r1i1, ...,2rpip
(−1)r1+···+rp
(k − r1 − · · · − rp)!
× γμ(i1 + i2 + · · · + ip − 2(r1 + r2 + · · · + rp))
r1! · · · rp!γμ1(i1 − 2r1) · · ·γμp(ip − 2rp)
Hμi1+i2+···+ip−2k(x).
The previous formula contains, as particular case, the product of several Hermite and Laguerre
polynomials obtained by Carlitz in [9].
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